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Abstract 

We present a simple unified proof of classification of discrete amenable group 
actions on injective factors. Our argument does not depend on types of factors. We 
also show the second cohomology vanishing theorem for arbitrary cocycle crossed 
actions of discrete amenable groups on the injective factor of type Hi . 

1 Introduction 

In the theory of operator algebras, the study of automorphism groups and group ac- 
tions is one of the most important subjects. Especially, since Connes' classification of 
automorphisms of the injective factor of type Hi up to outer conjugacy in [6 J and [3], 
classification of discrete amenable group actions on injective factors has been developed 
by many hands. Namely, in the type II case, V. F. R. Jones classified finite group actions 
in [16] , and A. Ocneanu developed the method of Connes and Jones, and classified general 
discrete amenable group actions in [32]. In the type IIIa (A ^ 1) case, C. E. Sutherland 
and M. Takesaki succeed in classification in [38], [39]. In the type IIIi case, classification 
was obtained by Y. Kawahigashi, Sutherland and Takesaki for finite or abelian group 
actions [22], and finally by Y. Katayama, Sutherland and Takesaki for arbitrary discrete 
amenable group actions [19] . 

Although the classification theorem can be stated in unified way as in [19], proofs 
presented in the above cited papers heavily depend on type of factors. Indeed, in the type 
III cases, they reduce the problem to that of the type II case by means of the structure 
theorem of type III factors. (In this approach, type Ilh case is extremely hard because 
of lack of classification of IR-actions. This the reason why type IIE\ (A ^ 1) and case 
are treated separately.) 

In [29], by developing the Evans-Kishimoto intertwining argument [9], we presented 
the classification of centrally free actions of discrete amenable groups on injective factors, 
whose proof is independent from types of factors. So one may expect if he can give a 
unified approach for classification of general actions by a similar technique. Indeed, for 
given two actions of a discrete amenable group G with same invariants, if G is a semidirect 
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product Hx\K, where if is a centrally trivial part, then we can show the cocycle conjugacy 
of two actions by using [29J. (See the beginning of $3] for details.) 

In this paper, we extend the intertwining argument and present a unified proof of 
classification of all actions of discrete amenable groups on injective factors. Roughly 
speaking, we first divide a given action to a centrally trivial part and a centrally free part. 
It is rather easy to classify centrally trivial parts. By applying the intertwining argument, 
we classify centrally free parts, and combine centrally free parts and centrally trivial parts. 
(Similar idea has already appeared in [TS] and [3B] for classification of groupoid actions.) 
One difficulty is that a centrally free part does not give an action in the usual sense, 
and this makes our argument more difficult. So if we take this fact into account, it is 
more convenient to handle cocycle crossed actions. Thus in the intertwining argument, 
we also need the second cohomology vanishing procedure. Therefore our argument looks 
like the mixture of the second cohomology vanishing argument presented in [30J and the 
intertwining argument. Here we emphasize that our argument is based on the Rohlin 
type theorem [32] and the characterization of approximately inner automorphisms and 
centrally trivial automorphisms [5], [22] . 

This paper is organized as follows. In £j2j we recall the definition of invariants of 
actions and state the main theorem and its corollaries. In £J3] we introduce the notion 
of quasi cocycle crossed actions. In §HJ by using ultraproduct, we show that we can 
approximate a quasi cocycle crossed action by a unitary perturbation of another quasi 
cocycle crossed action. In £|5l we show the approximate cohomology vanishing, which is 
the main tool for intertwining argument. The key ingredient is the Rohlin type theorem. 
In £j6]we classify quasi cocycle crossed actions, and show the main theorem by applying the 
extended intertwining argument. In £0 we discuss about construction of model actions. 
In §SJ we treat group actions on subfactors of type Hi with finite index. By a suitable 
modification, we can apply the extended intertwining argument in this case. In §H1 we 
apply the intertwining argument to classify outer actions in the sense of [20]. In appendix, 
we present proofs of the second cohomology vanishing theorem, the Rohlin theorem and 
the existence of extension of automorphisms to a twisted crossed product von Neumann 
algebra for readers' convenience. 

The author is much indebted to Professor Katayama for improvement of our argument, 
and express his gratitude. He also thanks Professor Takesaki and Professor Ueda for useful 
comments on this paper. 

2 Preliminaries and main results 

Our standard references for theory of operator algebras are [JT]. Throughout this paper, 
M and G always denotes an injective factor, and a discrete amenable group respectively, 
although some of results are valid for general factors and discrete groups. 

Definition 2.1 (1) Let a be a map from G into Aut(M) with a e = id and v a (g,h) e 
U(M), g,h G G, such that v a (e,h) = v a (g,e) = 1. We say (a g ,v a (g, h)) is a cocycle 
crossed action of G if it satisfies 

a g °a h = Adv a (g, h)°a gh} v a (g, h)v a (gh } k) = a g (v a (h, k))v a (g, hk). 
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(2) Two cocycle crossed actions (a,v a (g, h)) and ((3, v^(g, h)) are said to be cocycle con- 
jugate if there exist a family of unitaries {u g } ge c an d 9 G Aut(M) such that 

Adu g °a g = 9°(3 g °9^, u g a g (u h )v a (g, h)u* gh = 9(v p (g, h)). 
If we can take 9 G Int(M) ; then we say they are strongly cocycle conjugate. 

We generalize the invariants of group actions [39], [19] to cocycle crossed action case. 
Let M be the core for M and (M, R, 8 t ) the core covariant system [19] . (It is also called the 
non-commutative flow of weights in [10].) Denote by a G Aut(M) the canonical extension 
of a G Aut(M) [13]. Take a faithful normal weight ip. We can identify (M, R, 9) with 

(M x ff v R, cr^t), and a is given by 

a\ M = a, a(Xf) = (D^^a^ 1 : Dip) t \f 

via this identification, where Xf is the implementing unitary for o~f . (See [10] on the 
functorial property of (M, R, 9 t ).) Let U(M) be the normalizer unitary group for M C M. 
Set 

Cnt r (M) = {a G Aut(M) | a G Int(Af)} = {Adw| M | u G E/(M)}. 
Then the normal subgroup of G defined by H = {g G G \ a g G Cnt r (M)} is the first 
invariant. The second invariant is a Connes-Takesaki module mod(a 9 ) = ot g \z{M) 0- 

The third invariant is a characteristic invariant. Set Sv a (g, n) := v a (g, g~ 1 ng)v a (n, g)* 
for a 2-cocycle v a (g, h). It is easy to see a g °a g -i ng = AdSv a (g,n) °a n °a g 

Take G U(M) such that <S m = Adtt° , m <E H, and u e = 1. Comparing 

<5; g °a! g -i ng °a!~ = Ad 5v a (g,n)°a n °a g ° a' 1 = Ad (5v a (g,n)u") 

with 

a s °a s -in 9 o a s _1 = Ada g (u^-i ng ) 7 
we get a unitary X(g,n) G Z(M) such that 

"9(^-^9) = A(^,n)^ a (^,n)<. 

In a similar way, from <5 m a n = Adv a (m, n)a mn , we get a unitary fi(m,n) G Z(M) by 

« = //(m, n)w Q (m, n)< n , m,n <E H. 

Since 6* 4 commutes with a g , we get a 1-cocycle c t (m) G ^(R, U(Z(M))) by ^(-S^) = 
c t {m)u^ n . Unitaries (A,/i) and c 4 (n) are related as below. 

9t(X(g,n))c t (n) = mod^Xc^sr 1 ^)^^, n), 
c t (m)c t (n)fj,( y m,n) = c t (mn)9 t (fi(m,n)). 

Set X((g,t),n) = 9 t (X(g,n))c t (n). We extend a cocycle crossed action (a,v a (g, h)) of G 
to that of G = G x R by setting fi( Sl t) = and v a ((g,t), (h,s)) = v a (g,h). We can 
verify that (A ;/ u) satisfies the following relations. (These include the above relations.) 

fi(l,m)fi(lm,n) = fi(m,n)fi(l,mn), l,m,n G H, 
X(gh, n) = a g (X(h, g~ l ng))X{g, n), g,h G G,n G H, 

X(g,mn)X(g,m)*X(g,n)* = n(m,n)a g (ii(g~^mg, g~ l ng)*), g G G,m,n G H, 
X(m,n) = jji{m,m~ l nm)ii{n 1 m)* , m,n E H, 
X(g, n) = /i(/, m) = 1 if any of g, I, m, n is e. 
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Definition 2.2 (1) We say (A,//) satisfying the above conditions as a characteristic co- 
cycle for a and denote the set of all characteristic cocycles by Z a (G, H, U(Z(M))). Note 
that Z a (G, H,U(Z(M))) becomes an abelian group by a natural multiplication. 

(2) Let B a (G, H,U(Z(M))) be a set of coboundaries defined as 

B a (G,H,U(Z(M))) = {(a g (z g -i ng )z*,z m z n z* mn ) | {z n } neH C U(Z(M)), z e = 1}, 
which is a normal subgroup of Z a (G, H,U(Z(M))) . 

(3) Let A a (G, H,U(Z(M))) be a quotient group. The equivalence class x( a ) — [A, ^ 
A a (G , H , U (Z (M))) is said to be the characteristic invariant for a . 

Though (A,/i) depends on the choice of u n , x( a ) does not depend on u n . Thus the true 
invariant for a is xi a ) rather than (A,yu). 

We denote the triplet {H, mod(a g ), x( a )} by Inv(a). It is a routine work to show 
Inv(a) is a strong cocycle conjugacy invariant. The purpose of this paper is to present 
a proof the converse implication which does not depend on types of factors by using the 
Evans-Kishimoto type intertwining argument as in |29j . 

Theorem 2.3 Let M be an injective factor, and G a discrete amenable group. Let 
(a, v a (g, h)) and (f3, v@(g, h)) be cocycle crossed actions of G on M with Inv(a) = Inv(,5). 
Then a and (3 are strongly cocycle conjugate. 

The proof of Theorem 12.31 will be presented in sequel sections. Here we state corollaries 
of the main theorem. 

Let Aut e (Z(M)) = {a e Aut(Z(M)) | a9 t = 9 t a}. Then a G Aut e (Z(M)) acts on 
Inv(a) by <r(Inv(a)) = {H, a°mod(a g )°a~ 1 , [<r(A), a(fi)}}. 

Corollary 2.4 Let M, G be as in Theorem \2.3[ Let a and (3 be actions of G. Then 
a and (5 are cocycle conjugate if and only if there exists a G Autg(Z(M)) such that 
Inv(a) = (j(Inv(/3)). 

Proof. This follows from Theorem I2.3[ Inv(7°a°7 _1 ) = mod(7)(Inv(a)), and the surjec- 
tivity of the module map 7 G Aut(M) -)■ mod(7) G Aut e (Z(M)) [10]. □ 

Since there exists a genuine action j3 with Inv(a) = Inv(/3) by [16j Proposition 1.5.8], 
[35| Theorem 5.14], [2"2"l Proposition 22], the following corollary immediately follows from 
Theorem 12.31 (Also see §7] about the construction of model actions.) 

Corollary 2.5 The second cohomology vanishing theorem holds for any cocycle crossed 
action of a discrete amenable group on the injective factor of type 

Remark. So far, it is known that the second cohomology vanishing theorem holds in the 
following cases. (See [TB], [32], [37].) 

(1) arbitrary cocycle crossed actions of free groups on arbitrary von Neumann algebras, 

(2) arbitrary cocycle crossed actions of arbitrary locally compact groups on properly 
infinite von Neumann algebras, 

(3) arbitrary cocycle crossed actions of finite groups on type Hi von Neumann algebras, 
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(4) centrally free cocycle crossed actions of discrete amenable groups on McDuff factors. 

In particular, for infinite discrete amenable groups and the injective factor of type Hi, 
the second cohomology vanishing theorem has been known for only free cocycle crossed 
actions. Hence the above corollary removes the assumption of freeness in this case. 

We close this section by giving a cohomological explanation of definition of xi a ) f° r 
a cocycle crossed action (a,v a (g, h)). We consider an extended cocycle crossed action 
(a,v a (g, h)) of G defined as above. 

We define a multiplication on U(M) x G by (u, g)(w, h) = (ua g (w)v a (g, h), gh) and 
denote this group by U(M) xv G. Indeed, the 2-cocycle property of v a (g, h) assures that 
this multiplication is associative. If an appearing 2-cocycle is clear, then we simply write 
U(M) xi G. We can easily verify (1, g)(l, g~ x ng) = (5v a (g, n), ra)(l, g). 

Let H := {(u*,n) | n G H and Adu = a n }. Then H is a normal subgroup of 
U(M) xi G. Indeed, since we have 

(u*,m)(w*,n) = (u*a n (w*)v a (m,n),mn) = (w*u*v a (m,n),mn) 

and Ad (v a (m,n)*uw) = Adv a (m,n)*°a m °a n = a mn , H is a subgroup. To see H is 
normal, we only have to verify (w, e)(u*, n)(w, e) -1 and (1, g)(u*, g^ng)^, g)~ x are in H. 
In fact, 

(w,e)(u*,n)(w,e)~ 1 = (wu*,n)(w*,e) = (wu*a n (w*),n) = (u*,n) 

holds. In particular, U(M) are in the commutant of H. 
Next we have the following. 

(^-,9)(u*,g' 1 ng)(l,gy 1 = (a g (u*), e)(l, g)(l, g^ng)^, g)~ l = (a g (u*)5v a (g,n),n), 
and 

Ad (5v a (g, n)*a g (u)) = Ad 5v a (g,n)°a g ° Adu °a~ 1 = Ad 5v a (g, n)°a g °a g -i ng °a~ 1 = a n . 

Hence (I, g)(u*, g~ 1 ng)(l 1 g)~ x G H. 

Although {(l,g) \ g G G} is not a subgroup of U(M) xG, (u*,n) -> (1, g)(u*, n)(l, g)' 1 
defines an action of G on H due to [U(M), H] = {(1, e)}. 

We have the following G-equivariant exact sequence. 

— > U(Z(M)) H H — > 0. 

Here l(z) = (z*,e) G H, and ir(u*,n) = n. The characteristic invariant associated with 
this exact sequence is nothing but x( a )- See [16], [39] and [19] for cohomological property 
of x(oc). 

Remark Let M x&,v G be a twisted crossed product, and X g the implementing unitary. 
The group U(M) x G is identified with {u\ g | u G U(M),g G G}. 

3 Quasi cocycle crossed actions 

Let a and be as in Theorem 12.31 In this case, we can choose vP n G U(M) such that 
PaiUg-ing) = KQ.^dv^g^n)^ u^u? = fj,(m,n)v^ \m,n)u^ mn , 9 t (u^) = c t {m)u p m . 
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To explain our idea of proof of Theorem 12. 3[ consider the following special case. Set 
Q = G/H. Assume that v a (g,h) = v^(g,h) = 1, and G is of the form G = H x Q. 
Then a|g and (3\q are centrally free actions of Q on M with a. p °f}~ x E Int(M). By [25] , 
Adf p °a p = cr°/3p°cr _1 for some a-cocycle t> p and a G Int(M). Put Vh = ^(ufjuf* for 
h E H. By the choice of u% and , we can verify that E M e = M, and Vh is a 
1-cocycle for ol\h with Ad iva^, = a°f3h°a^ 1 . We then define t>h p = Vh(Xh{v p ) for h E H, 
p E Q. We can verify t^a^f/J = v p h for p G Q and h E H as follows. 

v p a p (v h ) = v p a p (a(u p h )ul*) = cr°/3 p (u1 )v p a p (u%*) 

= o-(A(p,p/ip _1 )w^ p _ 1 )^A(p,p/ip -1 )*'u^-i 

= ^(^p-i)^^- 1 = a (Khp-^ p * hp -ia php -i(v p ) 
= v php -ia php -i(v p ) = v ph . 

It follows that v g becomes a 1-cocycle for a and Adt> 9 °a 9 = a°(3 g °a~ 1 , g E G. Thus a 
and (3 are strongly cocycle conjugate. 

We would like to extend the above argument to general case. Main difficulty is that G 
is not a semidirect product of H by Q, that is, we can not embed Q into G as a subgroup. 
So a does not give an action of Q. To treat such case, we introduce the notion of quasi 
cocycle crossed cocycle actions of Q. We first classify two quasi cocycle actions of Q by 
intertwining argument, and combine if-parts and Q-parts as above. In what follows, we 
mainly use letters g, h, k for elements of G, m, n for those of H, and p, q, r for those of Q. 

Lemma 3.1 Define u m = u^u^ . Then u m E M and we have 

a m = Adu m °f3 m , v a (m,n) = u m f3 m ( y u n )v fS (m,n)u* mn . 

Proof. By the choice of and u^, 6 t {u m ) = u m E M e = M. It is clear a m = Ad u m °f3 m , 
since a m = Adu m °(3 m . The last equation can be verified as follows. 

u m p m (u n )vP(m,n)u* mn = u m u^f3 m (uy^)v^(m,n)u^ n u^ n 

a m a n a n a m v \" L i " ) a mn Uj mn 

M\ * ~tt ~ Oi ~Q* 
m,n) u m u n u mn 

= v a (m,n). 

□ 

By the above lemma, we can assume (a n ,v a (m,n)) = (a n , v CT (m, n)) for some fixed 
cocycle crossed action o of H by a suitable unitary perturbation. In fact, the existence of 
model actions allows us to further assume v cr (m, n) = 1 for all m,n E H . In what follows, 
we fix u n E U(M) with cr n = Ad?i n . 

Remark. Let 7 9 be a unitary perturbation of a by w g E U(M). If we choose as w n u^, 
then we obtain a same characteristic cocycle. 

Fix a section p G Q — > p G G with e = e, and set m(p, q) = pq~ 1 pq E H . So pq = 
pq ■ m(p, q) holds. From {pq)f = p(qr), we obtain m(pq, r)f~ 1 m(p, q)f = m(p, qr)m(q, r). 
We denote this element by m(p,q,r). 

Set c a (p,q) = v a (p,q)v a (pq,m(p,q))*. It is easy to see a p °ag = Ad c a (p,q)°a pq °a m ( Pt qy 
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Definition 3.2 We say (ctp,c a (p,q)) a quasi cocycle crossed action of Q. 

The unitary c a (p, q) behaves like a 2-cocycle as follows. 

Lemma 3.3 Forp,q,r G Q, we have 

c a (p, q)a.p q (5v a (f , m(p, q))*) c a (pq, r) = ap(c a (q, r))c a (p, qr). 

Proof. In U{M) G, we compute ((l,p)(l,g)) (l,f) = (l,p) ((1, g)(l,f)). First note 
the following relations. 

= (v a (P,q),pq) = (c a (p,q),pq)(l,m(p,q)), 

(l,n)(l,g) = {5v a {g,n)\e){l,g)(l,g- l ng). 
On one hand, we have the following. 

((l,p)(l,g))(l,r) 
= (c a (p,g),M)(l,m(p,g))(l,f) 

= (c a (p,q),pq) (5v a (f,m(p,q))\e) (l,r)(l,f~ 1 m(p,q)r) 

= (c a (p, q), e) (a fq (5v a (f, m(p, q))*) , e) (l,pq)(l, f)(l, r~ l m(p, q)f) 

= (c a (p, q)apg (5v a (f, m(p, q))*) c a (pq, r),pqr) (1, m(pg, r))(l, r~ l m(p, q)f) 

= (c a (p, q)a fq (5v a (r, m(p, q))*) c a (pq, r),pqr) (1, m(p, q, r)). 

On the other hand, we have the following. 

= (l,P)(c°(g,r),g'r)(l,m(g,r)) 

= (ap(c a (q,r)),e)(l,p)(l,qr)(l,m(q,r)) 

= (a p (c a (q, r))c a (p, qr), e)(l, pqr){\, m(p, qr))(l, m(q, r)) 

= («p(c a (g, r))c a (p, gr),pgf )(1, m(p, q, r)). 

Note v a (m,n) = 1 for m,n G f/\ Thus we get the conclusion. □ 
Remark. If we do not assume v a (m,n) = 1, then we get 

c a (p, q)ap q (Sv a (f, m(p, q))*) c a (pq, r)apqj.(v a (m(pq, r), r~ l m{p, q)f)) 
= a p (c a (q, r))c a (p, qr)ap^{v a {m(p, qr),m(q, r))). 

4 Approximation of quasi cocycle crossed actions 

In the rest of paper, we use the following notation. For a G Aut(M), a G M and ip G M*, 
functionals a(ip), a ■ ip and ip ■ a are defined as follows. 

a(ip) = ip°a~ l , a • ip(x) = ip(xa), ip ■ a(x) = ip(ax). 

Hence {a^ji, converges to a in the w-topology if lim u \\a u (ip) — <y(ip)\\ = for all ip G M*. 
It is easy to see a norm bounded sequence {a u } u converges to a in the a-strong* topology 
if and only if 

lim || [a v - a) -ipW = lim ■ (a u - a) || =0 

V V 
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for all ip G M*, and equivalently 



lim \\(a v - a) ■ <p\\ = lim \\ip ■ (a u - a)\\ =0 

for some fixed faithful normal state (p. The advantage of use of these norms instead 
of usual norms ||a||* defining a-strong* topology is the unitary invariance of ||^||, i.e., 
||u • ^ . u|| = ||-0|| for ip e M*,u,v E U(M). 

Throughout this paper, we fix a free ultrafilter u over N. Let M u be an ultraproduct 
algebra [32], and M u a central sequence algebra [51], [2J. By the Connes-Krieger-Haagerup 
classification of injective factors [3], [23], [7J, [L2], M is a McDuff factor. Hence is of 
type Hi. Let r w :M u -^Mbea positive map t"{X) = lim^ x v , X = (x v ) G M w , where 
limit is taken in the a- weak topology. We extend <p G M* to (M u )» by y?(X) = y^T^X). 
The restriction r w = r^M^ gives a tracial state on M u . We denote the L 1 -norm r w (|X|) 
on by |-X"|i. We write A <s I? if A is a finite subset of 5. 

Let a and (3 be as in the previous section. By [221 Theorem 1], Ker(mod) = Int(M), 
and Cnt r (M) = Cnt(M) for an injective factor M, where Cnt(M) is the set of centrally 
trivial automorphisms. Hence there exists a sequence of unitaries {u^} v C M, r G Q, 
such that a? = liim, tt~/3f , an d ot? and (}? induce free actions of Q on M w . However to 
apply the intertwining argument in our setting, we also need to approximate 2-cocycles of 
a and 0. This section is devoted to solve this problem. Our goal in this section is Lemma 

EM 

Let {«-} C M be as above, and set U? = {u~) G M w . We have a? = AdUr°/3? 
on M. We want to extend U? for all g G G so that a g = AdU g °(3 g on M. It is easy to 
see two unitaries v a (n, f)a n (Uf)v^(n, f)* and v a (r, r~ l nf)*UfV l3 (r, f~ l nf) have the desired 
property for a n ? and (3 n ?. The following lemma says that these two unitaries coincide. 

Lemma 4.1 For any W g = (w g ) G with a g = lim^^ w u g °(3 g , we have 

v a (n,gYa n (W g y(n,g) = v a (g, g^ngfW^ (g, g~ x ng) 

for g G G and n G H . 

Proof. We will show W*5v a (g,n)a n (W g ) = 8v°(g,n). Since the canonical extension is 
continuous in the w-topology, we have lim Ad w v °(3„ = a g . Then it follows that 

lim w"*5v a (g, n)a n {w u ) = lim w"*5v a (g, n)a n {w v ) = lim w^*Sv a (g, n)u n w u u* n 

= ~P>9°®~g 1 (<^ a (#> n)Hn) u* = X(g, n)*/3 g (u g -i ng ) K 
= 5vP(g,n). 

Here note g °a g ' 1 (X(g, n)) = \(g,n), since mod(a 9 ) = mod(/3 g ). □ 

Define U nf = v a {n,f)a n {U f )v^{n,r)\ lg = AdU g °P g , V(g,h) = U g f3 g {U h )v^g,h)U* gh . 
Then (7 9 , V(g, h)) is a cocycle crossed action on M u with 7 9 |m = ot g . Note V(m, n) = 1, 
m,n G H, since U n = 1 for n G H. Our first task is to show that 7p is a free cocycle 
crossed action of Q on M u . 

Lemma 4.2 For g G G and n G H, we have V(n, g) = v a (n, g) and V(g, n) = v a (g, n) . 



Proof. From the definition of U n f, it follows that 

V(n,r) = a n {U f )v\n,f)U* nf = a n {U f )v p {n,r)v p {n : rya n {U?)v a {n,r) = v a (n,r). 

By Lemma [4.11 we have Uf n = U? n f-i n = v a (r,n)*UfV l3 (r,n). Hence 

V(f,n) = UfV^(r,n)U~ n = UfV^(f,n)v l3 (f,n)*UfV a (f,n) = v a (f,n) 

holds. If g = mr, then 

V(n,g) = V(n,mf) = a n (V(m,r)*)V(n,m)V(nm,r) 

= o n {v a {m, f)*)v a (nm, f) = v a (n, mf) = v a [n, g) 

holds. In a similar way as above, we can verify V(fm,n) = v a (rm,n). □ 

Lemma 4.3 Put z(p,q) = U p ^ p (U^(p,q)U^ q c a (p,q)*, p,qeQ. Then z(p,q) G Af w . 

Proof. For two sequences {ip u }, {<p v } C M*, we write ip u ~ ip u if lim \\ip u — (p„\\ = 0. 

v— >w 

Then 

ap°aq(ip) ~ AdM^/3p(w^)°/3p°/3g(v9) 

= Ad (upf3p(u^)cP(p,q)) °f3p q °a m(m) (ip) 
~ Ad (u~fip(uq)c^(p,q)u^) °ocp q °(J mM (<p) 
= Ad (u^p(u^y(p,q)u};c a (p,qy)^poa^) 

holds. This implies U p /3 p (Ug)c^(p, q)U~ q c a {p, q)* G M u . □ 

Lemma 4.4 (7^, z{p, q)) is a cocycle crossed action of Q on M w . 

Proof. Set z'(p,q) = V(p,q)V(pq,m(p,q))* = U p /3 p (Ug)c^ \p, q)U^ q . Then (j p ,z'(p,q)) is 
a quasi cocycle crossed action of Q, and z'(p, q) = z{p, q)c a {p, q). 
For x G M w , we have 

Tp°7?(^) = Adz'(p,g)°7pg°a m(Pi g)(a;) = Ad z(p, q)°nfpq(x), 

since Adc a (p, q), cr m (p j(? ) G Cnt(M). 

We next show that z(p,q) satisfies the 2-cocycle relation. By Lemma [3 .3[ we have 

z'(P, qhpq (SV(f, m(p, q))*) z'{pq, r) = J P (z'(q, r))z'(p, qr). 

By Lemma I4T21 and 7 9 |m = a g , the left hand side is 

z'{v, q)lfq (,8V (r, m(p, <?))*) r) 
= z(p, <?)c a (jo, (<5t; a (f , m(p, g))*) z(pq, r)c a (pq, r) 
= z{p, q)z{pq, r)c a {p, q)ap~ q (8v a (f, m(p, q))*) c a {pq, r). 

The right hand side is 

lp(z'(q,r))z'(p,qr) = <y p (z(q,r)c a (q,r))z(p,qr)c a (p,qr) 

= 7p(z(g, r))z(p, qr)a p (c a (q, r))c a (p, qr). 

Then Lemma [331 yields z{p,q)z{pq,r) = jp(z(q, r))z(p, qr). □ 

Next step is to replace U p so that z{p, q) = 1. To this end, we need the second 
cohomology vanishing theorem. 
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Proposition 4.5 Let Q be a discrete amenable group, and ( / -y,u(g,h)) a semiliftable co- 
cycle crossed action of Q on M u . Then u(g,h) is a coboundary. 

Proposition 14.51 was first proved by Ocneanu [32] , and later more simplified proof was 
given in [30] with generalization to discrete amenable Kac algebra case. In appendix, we 
present a proof of Proposition 14.51 based on the argument in [30] for readers' convenience. 

Lemma 4.6 Let a and (3 be as above. Then there exists a sequence {Up} u C U(M), 
p £ Q, such that 

(1) a p = lim,,^, Adv,p°{3p in the u-topology, 

(2) c a (p,q) = lim^u ^p(Ug)c^{p,q)Up* in the a-strong* topology. 

Proof. Let (jp, z(p, q)) be as in Lemma fl~4l By Proposition 14.51 there exists a p £ U(M UJ ) 
such that a p r y p (a q )z(p,q)a* q = 1. Then we have 

1 = a P 7p(a q )z(p, q)a* pq = a p U p f3 p {a q )UpU p (5 p {U q )c p {p,q)U~ q c a {p,q)*a*p q 
= a p Upf3p(a q U q )c p (p, q)U~ q a* pq c a (p, q)*. 

Thus the representing sequence of a p U p is a desired one. □ 
The following lemma is unnecessary in the rest of this paper. However the similar 
argument will be appear in the proof of main theorem in £j6j 

Lemma 4.7 Let Up = (u p ) £ M u be as in Lemma \4-6] Then we have V(g, h) = v a (g, h) 
for all g,h £ G. 

Proof. By Lemma 14.61 we have 

v a (p,q)v a (pq,m(p,q))* = c a (p,q) = Up/3p(U q )c^ (p, q)U~ q = V(p, q)V(pq,m(p, q))* . 

Then by Lemma 14.21 we have V(p, q) = v a (p, q). If g = mp, then 

V(g,q) = V(mp,q) = V(m,p)*a m (V(p,q))V(m,pq) 

= v a (m,p)*0- rn (v o '(p,q))v a (m,pq) =v a (mp,q) =v a (g,q) 

holds. For h = nq, we have 

V(g,h) = V(g,nq) = -f g (V(n,q)*)V(g,n)V(gn,q) 

= a g {v a {n, q)*)v a {g, n)v a {gn, q) = v a {g, nq) = v a {g, h) 

by Lemma 14.21 and the above result. □ 



5 Approximate cohomology vanishing 



Let K be a discrete amenable group. Let F d K and 5 > 0. In this paper, we say S (s K 
is (F, 5)-invariant if 

sn f]9^s > (i-S)\3\. 

We will use the following Rohlin type theorem to show approximate cohomology van- 
ishing. 
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Theorem 5.1 Let K be a discrete amenable group, and 7 S a semiliftable strongly free 
action of K on M u . Fix e G F <s K, 5 > 0, and let S (e K be an (F, 5) -invariant finite 
set. Then there exists a partition of unity {E s } seS C such that 

J2 \l 9 (Es)-E gs \ 1 <A5 1 ^ geF, 
seg-tsns 

\E s \t<3S^ geF, 

ses\ g - 1 s 

[ lg (E s ),E s ,}=0, geF, s,s'eS. 
Moreover we can take {E s } in the relative commutant of any countable subset of M w . 

The proof of Theorem 15 .11 is essentially same as that of [32j Theorem 6.1]. (See Appendix 
for detail of proof.) Since we do not need a paving structure of a discrete amenable group, 
our Rohlin type theorem takes a simpler form than Ocneanu's one. 

The following lemma is the key for our intertwining argument in the next section. 

Lemma 5.2 Let K be a discrete amenable group. Assume F <s= K, \& (£ M*, $ <e 
and e > are given. Let S be an (F,e) -invariant finite set. Let 7 be a map from K into 
Aut(M) such that 'jgh = 7 9 7h ; and 7 g ^ id for g 7^ e, modulo Cnt(M). Assume that a 
family of unitaries {u g } ge K C U(M) satisfies 

m,u s ]\\ < msiy's, ses,4>ev, 

\\<P ■ ( u gl 9 ( u s)u* gs - 1)11 < 5V£, \\(uglg(u s )u* gs - 1) • (p\\ < 5y/e, if e $, g e F, s e S. 
Then there exists w e U(M) such that 

HKVHI < e, ip e 

\\(u g j g (w)w* - 1) ■ <p\\ < 7#£, \\<p ■ (u glg (w)w* - 1)|| < 7#e, geF,ipe®. 

Proof. By assumption, 7 induces a free action of K on M u . Let {i? s } se 5 C M w be Rohlin 
projections for 7 9 as in Theorem 15.11 Set W = J2hes Uh ^ h e U(M W ). Note | X^ 3 ^! = 
£V \xi\pi for Xfc e M and a partition of unity {pi} C M w , and <£>(a&) = <£>(a)r w (&) for 
a e M and 6 G M„. Then we have 



5^ (u fl 7ff( u *K - l)j g (E h )E k 
V? (l%7 fl KK - 1| l 9 {E h )E k ) 

i,kes 

V 0%7 9 KK - 1|) yy g {E h )E k \ x 



h,k€S 



We divide feeS as 



E=E + E = E + E + E 

Mes 1 heSng^S feeS\g" 1 S hesng^s /lesng- 1 .? fteS\s _1 S 

fce5 fce5 gh=k&S gh^keS keS 
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Since < \\x ■ (p\\, the first term is less than b\fe by the assumption. The second 

term is estimated as follows. 



^(I(%7 S KK-I)i)l7 s (^)^|i < 2 \{l-E gh ) lg {E, 



hi 



h£Sr\g- 1 S 
k£,S,k^gh 



h^Sng-iS 



= 2 \^ - E 9h){l 9 {E h ) - E gh )\ x 

heSng-iS 
< 8v^. 



The third term is estimated as follows 



v{\u 9 l g {u h )ul-l\)\ l9 {E h )E k \ x < 2| 7ff (£ fc )|<6vE. 



heSXg^S 

fees 



Hence we obtain ip (\u g j g (W)W* — 1|) < 19^, g G F. In the same way, we have 
ip{\{u gl9 {W)W*-l)*\)<l^e. 

Let W = (uv)„, E s = (e SjU ) u be representing sequences consisting of unitaries, and 
projections respectively. Set a u = X^gs u s e s,v Note that a v is not a unitary in general. 
Since (a u ) = {w u ) in M u , a u — w v converges to in the a-strong* topology as v — )■ uj. 

Fix sufficiently large v such that 

|| [if),w„ - a u }\\ < |, ||[-0,e SjI/ ]|| < ^r, ^*,seS, 

ip{\u glg {w v )wl - 1|) < 19Vi, y(IK7 fl KX - 1)1) < 19Ve, 9 e F, y? G $. 
It follows that 



|[^,^]|| < ||[^,^ - a v ]\\ + || [-0, Mil < 



k&S 

< | + (ll^^fc]^!! + e fcdll) < e. 

fees 



Since ||x • </?|| < a/||x||<^(|x|) and \\<p ■ x\\ < ^\\x\\(p(\x*\), w = w u is a desired unitary. □ 



6 Intertwining argument 

In this section, we present a proof of the main theorem, Theorem 12.31 We can assume 
(3 is an action, i.e., v^(g, h) — 1, g, h G G due to the existence of model actions. Recall 
that we assumed that a n = a n = (3 n is an action of H, and fixed a unitary u m G M with 
d m = Ad u m in $2 

At first, we will classify two quasi cocycle crossed actions (a p , c a (p, q)) and (f3 p , 1) of 
Q. For simplicity, we write a p as a p until the end of proof of Theorem 16. 1[ 

Theorem 6.1 Let (a p ,c a (p,q)) and (f3 p , 1) as above. Then there exist 9 , Q\ G Int(M) ; 
iip, u l p eU (M) such that 
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and 



u 1 p e 1 o/3 p o6 1 1 (u 1 q )6 1 °/3 pq °6 1 1 (0 1 (u m{P)q) )u* m{pq) )u 



1* 

pq- 



We remark that Oi{u m ^ q ))u^ p a, i — 0, 1, are indeed in M. 

Proof. Put e n = 4 _n , n G N. (Until the end of proof, we use the letter n to denote 
elements in N.) Fix F n d Q and an (F n , e„)-invariant set S n <s Q such that e G 
F n C F n+ %, \J n F n = Q, F n C and -F^SVi C 

Fix a faithful normal state (po. Let {\l/n}n be an increasing sequence of finite sets of 
M* such that |J n \l/ n is total in M*. 

Set 7^ = a, c°(p, q) = c a (p, q), 7 ( -1 ) = (3, c _1 (p, q) = 1. We will construct a family of 
quasi cocycle crossed actions (jp , c n (p, q)), unitaries u p , a p , b p , w n , automorphisms 6 n , 
and finite sets $ n <s (M*) + , ^' n , $' n (s M* satisfying the following conditions. 

(n.l) $„ = {Adfo^^o)}^, < = |J ^""V (W-c n -\q,r),c n -\q,r) ■ V }) , 

n 

(n.2) < = * B ue B _ 1 (* B )U |J {fc^ 1 • • fc^ 1 } U 

(n.3) a£ = u n pl { p n - 2 \w n )w* n) b; = a;w n b;~ 2 w* n , 9 n = Aduv0 n _ 2 , n>3, 
(n.4) 7 < n) = Ad<° 7 ("~ 2 ) = Ad<oAd Wn o 7 ("" 2 )oAd<, 



(n.5) c n (p,g) =M^7i n_2) (M™)c n - 2 (p,g)M^, 



(n.6) || 7 < B) ty) - 7p n ~ 1 ' 1 (V ; )ll <^,pe K+i, 



{n.l) 



\<p-(^(p,q)-^ l (p,q)) || <|, 

| (c n {p, q) - c n -\p, q)) ■ <p\\ < ^, ^ G $ n U $ n _ 1; p G F n , q G £„ 



f ||p .(a»- 1)11 < 7^77, 
1 ■° ) \ \\{a; - 1) • <p\\ < 7^TZT, <p G p G F n _i, n > 2, 

(n.9) || K„ || < e n _i, V e n > 2. 

Step 1. Define $i, and ^ as in (1.1) and (1.2). (Here we set b° p = 1, 6 = id and 
= — 0-) By Lemma S21 there exists a unitary u p such that 

(l.a) ||Adn;o 7 M) W - 7 (0) W || <_^, pG F 2 ,^G y ( 7 (°))- X (*;), 

(1-6) Ik" Kt^KX-c^P,?))!! < |, || Kt^KX - c°(p, g)) -p|| < |, 
p G g G jSi, tp G $i. 
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Set 



w 1 = 1, u l p = aj = uj, 6>i = Ad Wi, 7 ^ = AdnJ°7^ 1} , c\p,q) = l) (u q ) 



U pq- 



Then we obtain (1.3), (1.4) and (1.5). The conditions (1.6) and (1.7) follow from (l.a) 
and (1.6). Hence the first step is complete. 

Suppose we have constructed up to the (n — l)-st step. 
Step n. Define $ n , $>' n and ^>' n as in (n.l) and (n.2). By Lemma |4.6[ there exists a 
unitary v,™ such that 

(n.a) ||Ad^- 2) W -T^MII < 

p G F n+1 , ^ G |J fr^^PCi) U (T^)" 1 ^), 

(n-b) \\<p- (^ B - a) K)^ _a (p J ?)<-^ 1 (p,g))|| < y, 
|| K7i n " 2) «)c n - 2 (P, ?)< - c- 1 ^, g)) " ^|| < y , 
p G F n , g G 5„, p G $ n U $ n _i. 

By (n.a) and (n — 1.6), we get 

||Adt£. 7 <^ 2) (V0 -7^ 2) M|| < ^z^, ^ G (J ( 7 (- 2 ))- 1 (vi/;_ 1 ), P eF n . 

Hence 



315, 



n-1 1 



P' 

By (n.b) and (n — 1.7), we have 

|| V ■ «7i n - 2) «)c n - 2 (p, - c- 2 (p, q)) || < £„_!, 

||« 7 ^- 2 )«)c"- 2 (p,g)<; - c n - 2 (p,q)) ■ <p\\ < 

for p G F n _i, g G >S n _i and G $ n _i. 

Since $ n _i • c n ~ 2 (p, q) C p G F n _ 1; g G S^, and F„_ 1 S' n _i C F n , we have 

lk-K7^ 2) «)<-i)|| 
= Ik-^-^K)-^^!! 

< iik^]|| + ||^-<7^ 2) «)-^-^|| 

= + ||p • M ; 7 £ n - 2) «)c n - 2 (p, g) - «£, • <p ■ c n ~ 2 ( P , q ) II 

< ^ + II [u% q , if ■ c n ~\p, q)} || + \\<p ■ <7i n - 2) («^)c n " 2 (p, q)-<p- c n ~ 2 (p, q)u n pq \ 

< 2e n ^ + \\<p. u n p7 l n - 2 \u n g )c n ~ 2 (p, q)u n ; q - <p ■ c n ~ 2 (p, q) 

< 3e„_i 

for <p G $ n _i, p G F n _! and g G S n ^ v 



14 



Since (jp 



(n-2) 



-i 



c n - 2 (p', q)-<p)e * n _x for p,p' G F n _i, g G S n _i and 9? G $ n _i, 



("- 2 )K),c"- 2 ( P ',g') • = [u q , ( 7 ^ 2) ) _1 (c"- 2 (p',g') • *>)] 
for p,p' G g, g' G S^-i and y> G $ n _i. Thus 



n-1 



^>- 2 )^)<-l)-^| 



l M p7p \ U q) U p 



< ||[7^ 2) «*)<*^]|| + Ik ■ 7i n - 2) «)< - < ■ HI 

< ||7^ 2) «)[<^]|| + ||[7^ 2) K*)^]<|| + |k-7^ 2) «)<* 

< 2e n _ 1 + |k. 7 ("- 2 )«X*-^^|| 

= 2e„_ 1 + ||c"- 2 (p, g) • ^ • T i n " 2) «)< - c n ~ 2 (p, g)< ■ HI 

< 2^ + || [7i"- 2) «X, c n ~ 2 (p, g) • 9] || 

+ || 7 i n - 2) «*)<*c"- 2 (p,g) • <p - c n -\p,q)u n ; q ■ <p\\ 

< 2e n ^ + || 7 i n " 2) «) [<*, c"" 2 (p, g) • ¥»] || + || [lt 2 \u n q *), c n ~ 2 (p, q) ■ ip] 
+ H n - 2) (u n q *)u;*c n - 2 (p, q).<p- c n ~ 2 (p, q)u n ; q ■ <p\\ 

< 4e n . 1 + || 7 ^ 2) «>rc n - 2 (p, q)-<p- c n ~ 2 (p, q)u£ ■ <p\\ 
= 4e n _ x + || (u n pl ir- 2 \u n q )c n - 2 (p, q)u n ; q - c n ~ 2 (p, g)) • <p\\ 



holds for p G F n _i, q G S^-i and ip G $ n -i- 

By Lemma 15.2} there exists a unitary w n such that 

HK7?- 2) KX - 1) ■ <p\\ < r^n, \\<p ■ « 7p - 2) KK 



n-1 



and < Sn-i for <p G $ n _i, p G F n _ x and ^ G *^_ x . Put a n v = u n v jp 2 \w n )w* n . 

We then obtain (n.8) and (n.9). 
Set 

^ = «>n&r 2 <' ^n = Ad Wn o^_ 2 , c -(p,g) = M ;7(- 2 )( M «) c «- 2 (p,g) M -, 

7<™> = Adti^J"- 2 ' = Ada;oAdw n o 7 ^" 2 )oAd<. 

Then we obtain (n.3), (n.4) and (n.5). From (n.a) and (n.b), (n.Q) and (n.7) follow. 
Thus the n-th step is complete, and we finished the induction. 

We show {02n} and {#2n+i} converge to some automorphisms. Fix uq G N. Take 
ip G ^no- K n > n + 1, then -0, n (^) G #L. X . By (n + 2.9), we have 



\\0nW-0 n+2 



[w n +2, Or 



< 6 



n+1; 



r 1 

7 n+2 



Fn+2, 



< £ 



n+1- 



Since U n ^n is total in M„ and {6^ +1 (ip)} are Cauchy sequences for all ip G M* 

Hence limits # = nm n #2n and #i = lim n 6 2n +i exist in the it-topology. 
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Next we show the existence of lim n b 2n and lim„ b 2n+1 . Fix p e F no+ i. Note tpo e $ m C 
^ for all m, and </9 • &£, ■ ip e ^' n+1 , Adfc£(</? ) G $ n +i for n > n . By (n + 2.8) and 
(n + 2.9), we have 



<Po ■ (b% +2 - b n p )\\ = \\<p -(a n p + 'w n+2 b n p w* n+2 -b n p ) 

= \\<P0 ■ - 6 >n+2&p*<+2 



p «-rt-t-z-p 

< ||^o • « +2 - 1)11 + Iko • (i - b n pWn+2 b;*w n+2) 

< 7^77+ \\<p ■ (w n+2 b^ - 6p«;„+2)|| 

< 7^e n+ i + ||y?o • w n+2 b p l - w n+2 ■ y?o • b p \\ + ||[w n+2 ,y? • &£]|| 

< 7-v^n+i + 2e n+ i. 

We next estimate ||(6™ +2 - &£) • p ||- By (n + 2.8), we have 

||(^ +2 -^).^oll = \\(a; +2 w n+2 b;w:-b;)- Vo \\ 

< \\a; +2 (w n+2 b n p w* n+2 - b n p ) • poll + ll« +2 - 1)6? • <A)|| 

< ii k +2 &x+2 - • V^O || + 7^^r. 

By (n + 2.9), the first term is estimated as follows. 

||K +2 &X + 2-^)^0|| = ll(&X + 2-< + 2^)^0|| 

< II&X+2 • V?o - b n p ■ ifo ■ < +2 || + || K +2 , ^ • p ] || 

< 2e n+ i. 

Hence we obtain ||(&p +2 — 6") • Poll < 7^/e n+ i + 2£„ +1 . The above estimation yields 
that Up = lim n 6 2n and up = lim n 6p n+1 exist in the a-strong* topology. 

We have 7p 2 ™^ = Ad b p n °9 2n °a p °9 2 * and 7p 2n+1 ^ = Adb 2n+1 °9 2n+ i°P P °9 2 ^ +1 by construc- 
tion. Letting n — >■ oo, we obtain Ad -up 1 " 9o°a p °9Q 1 = Ad up° 9 \° (3 p °9i l by (n.6). 

We will show the convergence of c 2n (p, q) and c 2n+1 (p, q). Put w 2n = w 2n w 2n - 2 ■ ■ ■ w 2 . 
Of course 9 2n = Adw 2n . We can easily verify u 2n u 2n ~ 2 ■ ■ -u 2 = b 2 p n w 2n a v {w* 2n ). Then it 
follows that 



c 2n ( P ,q) = <7i 2n - 2) («f)c 2n - 2 (p,g)« 



2n* 
pq 



We repeat the above computation and obtain the following. 

c 2n ( P ,q) = uf---u 2 p ap{uf---u 2 q )c^q)u 2 ; q ---uf q * 

= b 2 p n w 2n a p (w 2 Ja p (b 2 q n w 2n a q (w 2n ))c a (p, q)a pq (w 2n )w 2n b 2 pq * 
= b 2 p n w 2n ap(w 2n b 2 q n w 2n )a p a q (w 2n )c a (p, q)a pq (w 2n )w 2n b 2 pq * 

pq 



= b p n 9 2n °a p °9 2n (b q n )w 2n c a (p, q)a pq oa mM (iv 2 Ja pq (iD 2n )iD 2n b, 

= b 2 p n 9 2n °a p °9 2r l(b 2 q n )9 2n (c a (p, q))w 2n a pq (cr mM (w* 2n )w 2n ) w* 2n b 2n ' 

= bl n 9 2n °a p °9 2r l(b 2 q n )9 2n (c a (p, q))9 2n °a pq °9 2 n (w 2n a mM (w 2n )) h 

= b 2 p n 9 2n °a p ° 9 2 l (bf)9 2n (c a {p,q)) 9 2n °a vq ° 9£ [9 2n (u mM )u* mM ) 6; 



In pq 

2n* 
pq 

2n* 
pq ■ 
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Since the canonical extension is continuous in the u-topology, 9zn{u m ( p .q))u^ n ( p q \ converges 
to d (u m ^ q ))u^ p q y Similar results holds for c 2 ™" 1 ^, q). Then by (n.7), we have 

ul8 °a p °6o\u q )d {c a {p,q))6 °a pq °6 \^ 

and finished the proof of Theorem 16. 11 □ 

Proof of Theorem 12.31 Set 9 Q (u n ) = u", 9 1 (u n ) = u^, up = ui*Up, p £ Q, and 
u n = t^<*, ne H. 

We replace (a g ,v a (g,h)) and (P g ,l) with (9 °ot g °9Q 1 , 9 Q (v a (g, h))) and (9 1 °j3 g °9i 1 ,l) 
respectively. Note that we do not have a n = f3 n , n G H, after this replacement, and in 
fact we have (3 n = Adu n °a n , a n = Adu^ and (3 n = Adu^. 

Summarizing results in Theorem I6.1[ we have the following. 

(3 p = Adupoap, Upap(u g )c a (p,q)ap q (u^ lM )up~ q =1, p,q eQ. 

For r G Q and n G H, we define u nf = u n a n (uf)v a (n,r). Then (3 g = Adu g °a g holds 
for every g G G. Since 

u„a n (« f )fo a (f,n)*a r -(u*-_i n -)«;- = u n u"u f u"*6v a (f, n)*a? (u~-i ni :)u* f 

= UnU^Pfdif 1 (u^*5v a (r } n)*af(u* f .-i nf )) 

= 1, 

we have u n a n (uf)v a (n, f) = Ufaf(uf-i n f)v a (f,r~ 1 nr). Compare this result with Lemma 
14.11 Then in a similar way as in the proof of Lemma 14.21 and Lemma 14.71 we can show 
u g a g (uh)v a (g, h)u* h — 1 for g, h G G. Thus a and (3 are strongly cocycle conjugate. □ 

7 Model actions 

Construction of model actions with given invariant is presented in [38], [19] by using 
groupoid theory. However essential point of use of groupoid theory is to construct a right 
inverse for the Connes-Takesaki module map. Thus it may be possible to construct model 
actions without groupoid theory once one admits the existence of the right inverse of the 
module map [10] . In this section, we present the construction of model actions along this 
observation. 

Let if be a dominant weight, and M = M v x# R be a continuous decomposition, and 
u(s) the implementing unitary for 9 t . Let G a discrete amenable group, and a an action 
of G on M. We quickly review how to describe Inv(a) in terms of M v . 

We may assume that fa = <p, and a g (u(s)) = u(s) by cocycle perturbation [39]. In 
this case, M v is invariant under a g , and we denote by a' g the restriction on M^. Then 
Inv(a) is obtained as follows. A Connes-Takesaki module is given by mod(a 9 ) = ot' g \z(M v )- 
Let H := {g G G \ a' g G In^M^)}, which is a centrally trivial part of a. Fix v n G Ui^M^) 
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with a' n = Adv n . Then we get a characteristic cocycle (A,/i) G Z(G, H,U(Z(M lfi ))) and 
c t {n) G Z^R, U(Z{M V ))) as follows. 

a'givg^ng) = A(#, n)u n , v m v n = fx(m,n)v mn , 9 t (v n ) = c t {n)v n . 

In this case, a n = Adv^a^^ holds, where cr^s is an extended modular automorphism 
® 

Conversely, for a normal subgroup H C G, a homomorphism : g G G — > j3 g G 
Aut6)(Z(M v )), (A,/i), and q(?t,), we will construct a model action 7 9 with Inv(7) = 
(H,p g ,[\,fi,c]). 

By jlHl Corollary 1.3], the exact sequence 

1 — > Et(M) — ► Aut(M) ^ Aut fl (Z(M v )) -> 1 

is split. By regarding (3 as a faithful homomorphism from G/Ker(/3) into Aute(Z(M (/? )), 
we lift /3 as an action of G on M by the above splitting exact sequence. We may assume 
ip°(3 g = v?, g (u(s)) = u(s). 

Let d(u) t := u9 t (u*) G Z 1 (R, U(Z(M ip ))) for w G U(Z(M lf )). Since 

c t {m)c t {n) = c t (mn)d(ii(m,n)*)t, f3 g (c t (g' 1 ng)) = d(X(g,n)*) t ct(n), 

we have 

cr^ \,°<J tf ( \* = o^i w , = (7a, w u = Ad u(m, rz)°cr^ w , 

c(m)* c(nj* c(m)*c(n)* a(^)c(mn)* r"\ ' / c(mn)*' 

and 

faVcig-lngyPg 1 = ^M^ng)*) = ^(A( 9 ,n)) C (n)* = Ad ^(ff. n )°< W - 

In particular, (a^ n y,fi(m,n)) is a cocycle crossed action of -£/\ 

Let Ro be the injective factor of type Hi with a tracial state r, and a g a free action 
of G on _R - Let a m := c^m)* <8> «m\ and take a twisted crossed product iV = (M ® 
-Ro) Xa,^i-ff- Let u„ be the implementing unitary for a. Since Inv(a) is trivial, N and M 
have a common flow of weights by [23J , [36] . Hence N = M by the classification theorem 
of injective factors. Let ip := (<p®t)°E, where E is the canonical conditional expectation 
on M. Then ip is dominant, and = {M^ ® i?o) ®c*,|U<g>i 

Let l g = fig® Oig . Since 

lg a oig-i ng a lg X = Ad(X(g,n) ® l)=a„, 
\(g,m)\(g,n)iJ,(m,n)\(g,mn)* = ^{^{g^mg^g^ng)), 
X(gh,n) = f3 g (X(h,g' 1 ng))X(g,n), 

we can extend 7 g to an action on iV by 7 5 (f 9 -i n5 ) = (A(g, n) £g> l)f n - (See Appendix IB1 on 
the existence of such extension.) 

By the definition of j g , it is trivial that mod(7 5 ) = {3 g . If m G H, then -y' m = j m \N^ is 
given by Adv m . Indeed if x G M v ® i? , then 

7m 0) = id O = o* m) , <g> off (a:) = Adw m (x). 

Note /3 m = id and o^m)* 1^ = ^ for m <E H. By A(m, n) = m'^mj/ifn, m)*, 
m,n £ H, we have 

7m0m-imn) = A(m,n)w n = /i(m, rrT l nm) /i(n, m)*v n = v m v m -i nm v* m . 
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Due to the freeness of a g , j' g G Int(A^) if and only if g G H. By the definition of N and 
7 g , we have l g {v g -i ng ) = X(g,n)v n and v m v n = fi(m,n)v mn . We can verify Q t <g> \&{v n ) = 
(c t (n) ® l)v n as follows. 

6 t ®id(v n ) = (u{t) (8 lK(w(t) (8 1)* = («(t) (8) l)a n (u(-t) <g> l> n 
= («(*)< (n) , («(-*)) ® l)v„ = (n(t)c_ t (n)* M (t) <g> l)v n 
= (0 t (c_ t (n)*) g) IK = (ctW ® 

The above argument shows that 7 9 realizes the given invariant. 

Here we treat only type III factors, however this construction is valid for the type 
II case. If we use results in [TU], we can generalize the above construction for arbitrary 
faithful normal semifinite weights. 

8 Group actions on subfactors 

In this section, we see that we can apply our previous argument for group actions on 
subfactors. We briefly recall basic notations for group actions of subfactors 

Let iV C M be a strongly amenable subfactor of type Hi in the sense of [33], and iV C 
M C M 1 C M 2 C • • ■ the Jones tower. For a G Aut(M, N), $(a) = {a|M'nM fe }fcL denotes 
the Loi invariant [25]. Let Cnt r .(M, N) be a set of all non-strongly outer automorphisms 
H, and Xa(M, N) = (Ker($) n Cnt r (M, N)) /Int(M, N) the algebraic x-group [IT]. Since 
iVc Mis strongly amenable, Ker($) = !nt(M, N) and Cnt(M, N) = Cnt r (M, N) hold. 
(See [2S], PZj, [31].) Take a G Ker($) and a G Cnt P (Af,iV). Let ^ a G M k be 
an element such that a(x)a = ax holds for all x G M. Then there exists a unitary 
u(a, a) G A" such that a (a) = u(a,a)a [28], which does not depend on a. This u(a, a) 
satisfies a°cr°a~ 1 = Adu(a, a)°a. See [28J for more properties of u(a, a). 

We assume the following. 

(1) The normalizer groups for iV C M and M C Mi are trivial. 

(2) There exists a lifting a : Xa(M, N) -> Aut(M, JV). 

Typical examples of such subfactors are the Jones subfactors with principal graph A 2 k+i, 
k > 2, HZ]. 

Let (a, t> a (<7, /i)) be a cocycle crossed action of G on iV C M with trivial Loi invariant. 
(This condition corresponds to the triviality of Connes-Takesaki modules in the previous 
sections.) Let H = {h G G \ a g G Cnt(M, N)}. The ^-invariant u(n) is given by 
v{ri) = [a n ] G Xa(M,N). Note that v{gng~ x ) = u(n) holds by $(a g ) = id. Fix <6JV 
with a n = Adw^d^n). Then the characteristic invariant [A,//] for a is given as follows. 

"sK-in^M"^ = "^(flS n )K> U °m°v{m) «) = Tl)v a (m, 

We remark that [A,//] may be different from usual characteristic invariant. Let n(k,l) : = 
u(o"i,o"fc)* be the K-invariant for A" C M. (This notion comes from [15J.) The only 
difference is the following relation. 

A(m,n) = /i(m, m~ 1 nm)n(n, m)/t(z/(n), u(m)), m,n£ H. 

In [28] and [26], we show Inv(a) = (H, [A,/i],z/) is a complete cocycle conjugacy in- 
variant for approximately inner actions of discrete amenable groups on subfactors with 
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conditions (1) and (2) under some restrictions, e.g, the triviality of the ^-invariant. How- 
ever if we modify the argument in the previous sections in a suitable way, we can get rid 
of these restrictions. 

Let (/3,v"(m,n)) be another cocycle crossed action of G with Inv(/3) = Inv(Q;). We 
choose vP m which satisfies the same relation for (A,/i). If we put w n := u^u^ for m G H, 
then a n = Adw n (3 n and w m a m (w n )v a (m,n)w^ nn = v^im^n) holds. Hence the same 
conclusion in Lemma [37T1 holds. As in the single factor case, we may assume that a n = (3 n 
is a genuine action of H . 

If 7^ a G M k satisfies a u ^(x)a = ax for all x G M, then a n := u"a satisfies 
a n (x)a n = a n x. Moreover, by the definition of X(g,n) and a g (a) = u(a g ,a u ( n ))a, we have 
Oig{a g -i n g) = X(g,n)5v a (g,n)a n . By using these facts, we can show a similar result in 
Lemma 14.11 as follows. 

Lemma 8.1 For any U g = (v v ) G U{N UJ ) with lim a„ = Adv"°(3 g . Then we have 
U* g 5v a (g,n)a n (U g )=6v^g,n). 

Proof. Let ^ a n 6 M k as above. Then 

lim u"*5v a (g, h)a n (u u )a n = lim u u *Sv a (g, h)a n u v = f3 g a~ l (5v a {g, h)a n ) 

= X(g, ri)*/3 g (a g -i ng ) = 5v p (g, n)a n 

holds. 

Let E be the minimal conditional expectation from M k to M. Since 7^ a n a* n G 
M' H M k , 7^ E(a n a^) G C follows, and hence we get the conclusion. □ 

Thus we can repeat the same argument in the previous sections, and classify approx- 
imately inner actions of discrete amenable groups on N C M. In particular, the higher 
obstruction introduced in [2T] and the v- invariant are complete outer conjugacy invari- 
ants for automorphisms on Jones subfactors with principal graph A 2 k+i, k > 2. Note all 
automorphisms of Jones subfactors with principal graph A n , n > 4, are approximately 
inner. 

We close this section by explaining the construction of model actions. 

Let N C M be as above, and Rq the injective factor of type Hi. Let af^ be a free 
action of G on R . Let a n := <J u ^ n yi ®a,n \ and /i(m,n) := /i(m, n)/t(z/(m), v(n)). Take a 
twisted crossed product A C B := (N®R C M®R Q ) x^^if. Since Inv(a) is trivial, the 
standard invariant of A C B and that of N C M are coincide, thus they are isomorphic 
by Popa's classification theorem [33]. Let v n be the implementing unitary, and define 
7 9 G Aut(_B, A) as follows. 

j g (x) = id® a g 0) (x), x G M <g> R , j g (v g -i ng ) = X(g,n)v n . 

We extend a k ® id to a k G Aut(£>, A) by o- k {y n ) = K(k,u(n))v n . We claim that a k 
is non-strongly outer. Take 7^ a G such that o"£;(x)a = ax, x G M. It is clear 
a k (x)(a (g) 1) = (a £g> l)x for x G M k ® -Ro- By the definition of the K-invariant, 

cr A .(w n )(a <g> 1) = k(A;, y(n))u n (a <g> 1) = (w(c>V(„), fc)cr l/ ( n )-i(o) <g> l)u n = (a <8> l)u n . 

Thus 5"^ is non-strongly outer. 
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We next show Adv n a n = 7„, n G H. For x G M £g> i? , 

Adv n ° a v( n) = Ad v n °a u ( n ) ® id(x) = id <g> = 7 n (x). 

If we use X(m,n) = ^(m,m~ l nm)^(n,m)K(v(n),v(m)), 

Adv m °a u ( m )(v m -i nm ) = K(v(m),ii(n))v m v m -i nm v* m 

= n(v(m), fi(m~ 1 nm))fl(m, m _1 nm)/i(n, m)v n 

= //(m, m~ nm)/j(n, m)K(y(n), v(m))v n = X(m, n)t> n , 

and hence we have Adf n a^( n ) = 7 n . We can easily see that 7 5 is strongly outer for 
g G Since r y g (a £g> 1) = a <S> 1, w(7 9 , 5"fc) = 1- By the definition of 7, it is trivial that 

[A, fj] is a characteristic invariant for 7. 

9 G-kernels, or outer actions. 

Let M be an injective factor, and G a discrete amenable group. Let a be an injective 
homomorphism from G to Out(M), or equivalently a be a map from G to Aut(M) such 
that a g °a>h = a g h m od (Int(M)), and a g G" Int(M), g ^ e. Such a is called a G-kernel, 
or a free outer action in [20]. In this section, we briefly explain that the intertwining 
argument is applicable for classification of outer actions. (We always assume freeness.) 
Difference of our argument with that of [20] is that we do not have to use a resolution 
group, which depends on the choice of a representative 3-cocycle [201 Remark 2.15]. 
We first recall invariants for outer actions introduced in [20] . Let 

H a = {g G G I a g G Cnt r (M)}. 

As in the usual group action case, we get c t (n) G Z 1 (R, Z(U(M))), n G H a , by 9 t (u n ) = 
c t (n)u n . Thus we get u(n) = [c t {n)} G H 1 (R, Z (U (M))) . Set Q = G/H a and fix a 
section p G G for p G Fix w a (p,q) G U(M) such that <5p<5g = Ad w a (p, q)°c\p q , 
w(e, q) = w(p, e) = 1. Then we get df (p, q, r), g?2 (s; q, r) G Z(U(M)) by 

q)w a (pq, r) = d%(p, q, r)a p (w a (q, r))w a (p, qr), 9 s (w a (q, r)) = d% (s; g, r)w a (g, r). 

The modular obstruction Ob m (a) is defined as q, r)ap(d2 (s; g, r)*)], v). 

Theorem 9.1 Let M and G be as above. Let a and (3 be outer actions of G on M. 
If (H a , mod(a), Ob m (a)) = (Hp, mod(/3), Ob m (/3)), then a g = a°/3 g °o-^ 1 mod Int(M) for 
some o G Int(M) . 

In the rest of this section, we assume (H a , mod(a), Ob m (a)) = (Hp, mod(/3), Ob m (/3)). 
Hence we can assume a n = /3 n for n & H = H a as in £j3j We fix u n G U(M) with 
<S n = Adw„. 

We take v a (g,h) G U(M) such that a^a/j = Ad?; a ((j,/j)°a 9 /,. Then we get [7"] G 
# 3 (G,T)by 

v a (<7, h)v a (gh, k) = 7 a (g, h, k)a g (v a (h, k))v a (g, hk). 
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By [201 Lemma 2.11], [y a ] is uniquely determined by Ob m (a). As in the previous sections, 
set 

c a (p, q) = v a (p, q)v a (pq, m(p, g))* , Sv a (g, n) = v a (g, g~ l ng)v a (n, gf. 

Once we fix v a (g, h) and j a (g, h, k), we get \ a (g, n), /i a (m, n), cf(n) G U(Z(M)) as in 
§21 that is, they are defined as follows. 

a g (u g -i ng ) = \(g,n)5v ot (g,n)u n , u m u n = fx a (m,n)v a (m,m)u mn , 9 t (u n ) = c t (n)u n . 

These unitaries enjoy the following relations. 



Let Z(G, H;j a ,cf) be a set of all (A,//) satisfying the above relation for fixed ■y a and 
cf. Here we can see that for (A, /J,) , (A', p!) G Z(G, H; 7", cf ), (A(A')*, p(p')*) is a usual 
T-valued characteristic cocycle. 

We first clarify the relation between (A a , v a ) and Ob m (a). 

Lemma 9.2 Forp,q,r G we /iave 

c a (p, q)apg(5v a (r, m(p, q))*)c a (pq, r)ap^{v a {m(pq, r), f _1 m(p, g)f)) 
= 7 a (P, 9, ^)«p(c a (g, r))c a 0, qr)a^{y a {m(p, gr), m(g, r))). 

/or some 7 a (p, g, r) G T. 

Proof. Compute ( ). Then we have 

Ad (c a (jo, q)apg(5v a (f, m(p, q))*)c a (pq, r)a Wr {v a {m(pq, r), f _1 m(p, g)f))) "O^oy^,,,,.) 
= («p(c a (g, r))c a (p, gr)) °apqf(v a (m(p, qr),m(q, r)))°a^f°cr m(w) 

and obtain the desired conclusion. □ 

Remark. 7" depends only on 7°. To see this, let (/3,vP(g,h)) be another outer action 
of G with 7° = 7^. Let = s* be a conjugate linear isomorphism from M to M opp . 
Define 6 g := a^)j°f3 g °j~ 1 , v 9 (g, h) = v a (g, h) <8> j(v@(g, h)). Then (6*3, t> e (g, h)) is a cocycle 
crossed action of G on M g) M opp due to the conjugate linearity of By Lemma [3.31 
we have 

c 6 (p, q)9p q (5v e (f, m(p, q)Y)c e {pq, ^^(v (m(pq, r), f _1 m(p, g)f)) 
= 9p(c\q, r))c d (p, qr)6pqf(v B (m(p, gr), m(q, r))). 

Again by the conjugate linearity of j(x), we get 7 Q (p, g, r) = 7^(p, g, r). 




C^n)*^^^)), 

/i a (m,n)*^(/i a (m,n)), 
//*(m, n)ji a {l, mn), 
a,(A Q (/i, o- 1 na))A Q (o, n) 



x 7 Q (o, ^0, /i)7 a (n, g, /i)7°(o, h, h^g^ngh), 
//*(m, n)a g {[i a {g~ x mg, g' l ng)*) 



\ a (m, n) 



X7«(m, 0, g- 1 ng)-i a (g, g l mg,g 1 ng)^ a (m,n, g), 
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We can also describe 7° concretely. With a bit of little effort, we can show that 
7 a (p, q, r) is given by 

7°(p, q, r) = 7 Q (p, qr, m(q, r))j a (pq, m(p, q), f)^ a {pqr, m(pq, r), f _1 m(g, r)f) 
X7°(p, q, f)^ a {pq, f , f~ l m{p, q)r) r y a (pqr, m(p, qr),m(q, r)). 

We can also show 7° = 7^ by the above formula. However we never use it in the rest of 
this paper. So we omit the proof of the above formula. 

We fix w a (p, q) as w a (p, q) = c a (p, q)ap q (u mM ). 
Lemma 9.3 For (\ a ,fi a ) £ Z(G, H; 7°, cf ) andp,q,r £ Q, define 

$xAP> 9' r ) = ' m (P' ?))*) a w? (t^faiPQi r), f~ l m{p, q)f)n a (m(p, qr), m(q, r))*) . 

TTien di(p,q,r) = A f a (p,q,r)5\ a4ia (p,q,r) holds. 

Proof. We compute w a (p,q)w a (pq,r) and ap(w a (g, r))w a (p, qr). On one hand, we have 

w a (p, q)w a (pq, r) 
= c a (p, q)a,p q {u mM )c a {pq, r)a,p q {u m{p ^ r) ) 
= c a (p, q)ap q afa~ 1 (u m ( Ptq ))c a (pq, r)apqf(u m (p q:r )) 
= c a (p, q)c a (pq, r)apgfcr m (pg ir )ar 1 (M m(p (?) )apgf {u m ( Pq ,r)) 

C (p, q)Cpq r (Xpqf (Um(p q ,r)(Xf (.^"miPtl) ) ) 

= c Q (jo, q)c a (pq, r)apqf (u m ^ r) a>f l (\ a {r, m(p, q))*5v a (f, m(p, q))*)uf-^ m {p,q)f) 
= ap~ q {X a {r, m{p, q))*)c a {p, q)c a {pq, r) 

Xttpgf (c-m(p<z,r) (a? 1 (5'U Q! (f, 777, (p, <?))*)) U m (pq,r)Uf-im(p, q )f) 

= ap q (\ a (f, m(p, q))*)c a (p, q)a pq {5v a {f, m(p, q))*)c a (pq, r)a^f («m(pg,r)Wf-im(p,g)f) 
= ap q (\ a (f, m(p, g))*)apgf (/i a (m(pg, r), f _1 m(p, g)f)) 

xc Q (p, g)apg(5t) a (f, m(p, q))*)c a (pq, r)a^ (u m<yP ^ r) v a {m(pq, r),r~ x m(j), q)f)) . 

On the other hand, we have 

a p (w a (q, r))w a (p, qr) = a p (c a (q, r)a qr {u m ^ r) )) c a (p, qr)apqf{u m{p ^ r) ) 

= ^ (c a (g, r)) a p a qr (u m ^ r ))c a (p, qr)apqf(u m (p tqr )) 

ttp (c (g,r))c (p, qr)oi p ^o~ m ^ p<qr ^u m ^ qjr j)oi pq ^(^u m ^ Ptqr ^) 
= a p (c a (q, r)) c a (p, qr)a P ^(u m{Pjqr) u m{q , r) ) 
= apqf({i a (m(p } qr)m(q,r))) 

xa p (c a (q, r)) c a (p, qr)a pq f(v a (m(p, qr), m(q, r))w m(w )). 

By Lemma [9.21 we get the conclusion. □ 

The map is the generalization of the Huebschmann-Jones-Ratcliffe map. The 
following is a part of the Huebschmann-Jones-Ratcliffe exact sequence p3J Theorem 2], 
[T6J Proposition 4.2.5], [351 Theorem 8.1]. 
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Lemma 9.4 Let [A, /jl] G A(G, H, T) 6e a usual T-valued characteristic invariant. Then 
6 XtfX = 1 in H 3 (Q, T) if and only if X(g, n) = £(g, g- l ng)£{n } g) and [i(m, n) = £(m, n) for 
some 2-cocycle £(g,h) G Z 2 (G,T). 

Lemma 9.5 Let a and f3 be as in Theorem \9.1\ Then we can choose (7°, A", //*, cf) = 
(7^, A' 3 , fi 13 , cf ) and v a (m, n) = v@(m, n), m,n G H . 

Proof. Set d(z)(p,q,r) = ap(z(q,r))z(p,qr)z(pq,r)*z(p,q)* for z(p,q) G U(Z(M)). Let 
wP(p,q) = c l3 (p,q)f3p q (u m ^ p ^). Since we have fixed w n G U(M) in such a way <5„ = f3 n = 
Adu n , we have c t (n) = c°(n) = cf(n). Take z(p,q) G U(Z(M)) such that d°(p,q,r) = 
d±(p, q, r)d(z) and ^ (s; 9, r) = df (s; <?, r)z(q, r)8 s (z(q, r)*). Since mod(a) = mod(/3), 

w a (q,r)*9 s (w a (q,r)) = d%(s; q, r) = mod(a (fr ) (c s (m(g, r))) 

= (if (s; g,r) = w (3 (q,r)*9 s (w l3 (q,r)) 

Hence r) = 9 s (z(q, r)) holds for all sGl. By the ergodicity of 9 S , z(q,r) G T. By 
replacing v^(p, g) with z(p, q)v l3 (p, q), we can assume d"(p, q, r) = df(p, q, r). 

Take a(g,h) G T such that 7° = 7 /3 <9(a). By replacing v l3 {g,h) with a(g , h)v? (g , h) , 
we can assume 7 a (<?, /i, fc) = 7 /3 (g, h, k) =: 7(g, /i, k). After this replacement we have df = 
d^d^b), where b(p,q) = a(p,q)a(pq,m(p,q)). In this stage, we have (A Q , /z"), (X 13 , fi 13 ) G 

By Lemma I9T31 and the remark after Lemma I9T2"} 8\p ^ = dxa^ad^). Set A = X a X /3 * 
and fi = /i^/i' 3 *. Then (A,/i) is a usual C-valued characteristic invariant with <5 Ai/J = 1 
in H 3 (Q,T). Let £(g,h) be as in Lemma [9.41 By replacing v°(g,h) with ^(g,h)v^(g,h), 
we have (A a ,/i Q ) = (X 13 ,^ 13 ). Note ^(g,h,k) remains to be unchanged since £,(g,h) is 
a 2-cocycle, i.e., <9(£) = 1. Finally, v a (m,n) = v^im^n) follows from the definition of 
H a (m,n) and fi a = fi 13 . □ 

Once we have established Lemma I9.5[ we can repeat the similar argument in £j3l §|4] 
and apply the intertwining argument. (Though we can not take v a (m,n) — 1, m, n G H, 
in this case, this does not make any problem.) Then we get ap = a°(3p°a~ 1 mod Int(M) 
for some a G Int(M), and therefore a g = a°(3 g °a~ 1 mod Int(M). 



A Proof of Proposition 14.51 and Theorem 15.1 



In this appendix, we present the proof of Proposition 14.51 and Theorem 15.11 

In [32j Proposition 7.4], Ocneanu proved the second cohomology vanishing theorem 
for semiliftable and strongly free actions of a discrete amenable group on M w by means 
of the Rohlin theorem. However if we use the ultraproduct technique, we can present a 
simple proof of the second cohomology vanishing theorem for semiliftable cocycle crossed 
actions on an ultraproduct algebra without use of the Rohlin type theorem. 

Lemma A.l Let R be a (not necessary separable) von Neumann algebra of type II\ with 
a tracial state r, Q a discrete amenable group, (a,u(g,h)) a cocycle crossed action of Q 
on R. Then for any finite subset F C Q and e > 0, there exist unitaries {w g } ge Q C R 
such that \w g a g (wh)u(g, h)w* h — l|i < e for g,h G F. 
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Proof. Let S be an (F U F 2 , e/2)-invariant subset of Q. For g 6 Q, we define a bijection 
l'(g) on S* so that i(g)h = gh if g/i G 5. Fix a system of matrix units {e gi h} g ,h€S C i? 
and set iV = {e^}' PI -R. We identify R with iV (g) {e^^}". Fix a unitary u g such that 
Adu g °a g (e hjk ) = e h>k . By replacing {a, u(g, h)} with {Adu g °a g , u g a g (u h )u(g, h)u* g h }, 
we may assume (a,u(g,h)) is of the form (a g <8> id,w(g, /i) ® 1) on Af ® { e 9,/i}"- Set 
w g = J2hes u (.9> h)* ® e £{g)h ) h- For g,he Q, set = S 1 fl /i^S* fl [gh)~ x S. By the choice 
of 5, we have I^V^I < e\S\/2, g,heF. 
We have 

w g a g (w h )(u(g,h) g> 

fees / Vies 



x (u(g, h) <g) 1) | ^ m) g> e m ^ gh ) m 

= £{h)lYot g (u(h, l)*)u(g, h)u(gh, I) <g> e^ g) ^ h) i^ gh) i 

les 

= ^2 1 <S) e gM>gh i + ^2 u(gJ(h)l)*a g (u(hjy)u(g,h)u(ghJ)^e e{g y {h )i Agh) i. 
Hence 

\w g a g (w h )u(g,h)w gh - l| x < ^ |l®e { ,i|i+ N^feWW)'!^ 8 

for g,he F. □ 

Proof of Proposition 14.51 Let F n be a finite subset of Q with F n C -F n +i and [J n F n = 
Q. By Lemma |A.1[ there exist unitaries {w™} such that \w g l ag(w'%)u(g, h)w g ^ — l|i < 1/n 
for g,h £ F n . Set /i) = w g a g (w%)u(g, h)w g ^. Then lim n /i) = I. By the Index 
Selection Trick [321 Lemma 5.5], we get desired unitaries {w g } C M u . □ 



Next we present the proof of Theorem 15. 1[ which is simplification of that of 
Theorem 6.1]. Suppose a countable subset N C M w is given. We may assume N is 
invariant under 7. Then 7 becomes a free proper action of K on N' fl M^. 

The following lemma due to Ocneanu [321 Lemma 6.3] is out starting point. 

Lemma A. 2 Let e > and T K be such that e T. JTien t/iere erraste a partition of 
unity {ej}f =0 C N' n suc/i £/iat 

(1) |e |i < e, 

(2) ei7 9 (ei) = 0, 1 < z < m, g E T. 

Take F, S, 5 be as in Theorem 15.11 Let E = {E h } heS C N' fl M w be a set of mutually 
orthogonal projections. We set 



a 9,E = ^ \lg(Eh) — E gh \i, bE = \Eh\l, Cg,E= ^ 1-^, 

hesr\g~ 1 s hes hes^^s 



h 1- 
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Lemma A. 3 Let E = {Eh}hes C N' fl M w be a set of mutually orthogonal projections 
with fog (Eh), Ek] = 0, g E F, h,k E S. Ifb E < 1 — 5% , then there exists a set of mutually 
orthogonal projections E' = {E' h } h es C N' fl M u such that 

(1) 0<2- 1 5lE fte sK-^li<^'-^ 

(2) a g ^ E , - a 9:E < 252 (b E , -b E ), g E F, 

(3) c 9jE , - c gtE < 25^(b E > — b E ), g E F , 

(4) [ 1 g(E' h ),E' k ]=0,gEF,h,kES. 

Proof. Fix e > with b E < (l-<*3)(l- e ). By applying Lemma[0]for (F5)~ 1 F5\{e}, 
we get a partition of unity {e^}!-L in N' fl {l g (Eh)}' g& K,hes ^ sucn that l e o|i < e and 
7s(ej)7h(ej) = 0, I < j < m, g,h E FS, g ^ h. 

Set x = l^l -1 heS ^fg 1 (Eh). Then = r w (x) = &e. Here assume that \ejx\\ > 

(1 — (5 ^ ) | 1 1 for 1 < j < m. Then 

m m 

b E = \x\ 1 >\(l-e )x\ 1 = 22\e j x\i>22(l-63)\e j \i 

3=1 3=1 

= (i- ( j3)|i_ eo | 1 >(i_^)(i_ e )>6 B 

holds by the choice of e. Hence we have \ejx\i < (1 — 5 5 )|ej|i for some j. Set / = ej, 
f = E 9eS 7 9 (/), and p = [fl, = \SWf\t. Since < (1 - 





= E 


7,(/)Z>* 


= E 




heS 


1 9£5 


Ties' 


i g&s 


hes 




= |5||M<|5|(1- 


-&)\f\i 


< (1-S*)p 



holds. 

Set f h = jh(f), and E' h = E h (l - f) + ^h(f)- We show E' h ^ E h . If we assume 
E' h = Eh, then we get jh(f) — Ehf. However this is impossible because we have 

{l-S^)p>^2\fE h \ 1 = ^\ 7h {f)\ 1 =p. 

hes hes 

Since {'Jg(fh)} are orthogonal projections for g E F,h E S, commute with J g (Eh) and 
[l g (E h ), E k ] = 0, it follows that [7^), E' k ] = for g E F, h,k E S. 
We first verify the condition (1). Since 

IK - E h \i = \ E J -Mi< \fh + E 1 Mi ^ 2 p 

heS hes hes 

and 

b E , = ^i^i^Ew-^+^i^Ei^+Ei^-Ei^ 1 

heS hes hes hes hes 

> b E + p - (1 - 8*)p = b E + 5^p, 
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we have 

b' E -b E >5^p>5^/2j2\E' h -E h \i, 

hes 

and we get the condition (1). 

We next verify the condition (2). For h G S fl g~ 1 S, 

\ lg {E' h ) - E'J, = \ lg ( Eh (l - f) + f h ) - E 9h (l - f) - f^U 

= \ lg ( Eh (l - f)) - E gh (l - f)\i 

< \ lg {E h ){\ - /) - E gh (l - f)U + \ lg (E h )(f - 7a (/))| 1 

< \ lg {E h ) -E*\ x + |7 9 (^)(/-7 5 (/))|i 

holds. Hence we have 

heSDg-i-S 

< E M E h) - E *\i + M E M - 7 9 (/))li 

hesng^s 

< a s ,B + |/-7 fl (/)|i- 

Here 



l/- 7,(7)1: 



< E |7fc(/)|i< 2W|x = 25p 

l heSAgS 



fees' fees 
holds. These inequalities yield 

- a 9ijB < 25 p < 25^(b E < - b E ), 

and the condition (2) holds. 

We finally verify the condition (3). Since we have 

Cg,E' = E l^' 1 

= E \m-f)h+ E 

hek\g- 1 S heSXg-^-S 

< c^+lSXg-'SWfU 

< C fl)B + 25p 

we get the condition (3) □ 
Proof of Theorem EH). Let S be a set of families of orthogonal projections E = {Eh}h e s 
in N' PI M^, satisfying the following conditions. 

(1) < 2<^& B , g e F, 

(2) c 9)E < 25h E , geF, 

(3) [ 7fl (£ h ),£ fc ] = 0, geF, h,kES. 



27 



Obviously S is not empty. We define an order E < E' on S if E = E' or E and E' satisfy 
the first three conditions in Lemma IA.3I In the same way as in [32] , it is shown that S is 
an inductive ordered set. Let E = {Eh} be a maximal element, and assume 5g < 1 — 5?. 
By Lemma [A.3t there exists a partition of unity {E' h } satisfying the conditions in Lemma 
IA.3I Then it is easy to see {E' h } is in S, and {E' h } is strictly larger than E. 

Hence 6g > 1 — 5^ holds. Let E — 1 — ^2 heS E h . Then \E \i < 5?. Fix h G S, 
and set E ho = E ho + E , and E h = E h for h ^ h . It is obvious [j g (E h ), E k ) = 0, g G F, 
h,k G S. It is also easy to see a gE < 45 2 and c 9: e < 3#2. □ 

B Extension of automorphisms to a twisted crossed 
product algebra 

Let M be a von Neumann algebra, and L 2 (M) the standard Hilbert space. Let (a g , v(g, h)) 
be a cocycle crossed action of G. Define vr(x), X g G B(L 2 (M) ® £ 2 (G)), x G M, g G G, as 
follows. (Do not confuse a g -i and a.' 1 .) 

(n(x)0(g)=a g -i(x)C(g), (^W^r 1 ,* 1 ^ 

Then A 9 7r(x)A* = 7r(a; g (x)) and A^A^ = Tr(v(g, h))X gh hold. By definition, the twisted 
crossed product von Neumann algebra is M x aj „ G = 7r(M) V {A g }. 

Although the following result may be well-known, we present a proof for readers' 
convenience. 

Theorem B.l (1) Assume that 9 G Aut(M) induces an automorphism on G (denoted 
by the same symbol 9 ) such that 

9°a e -, [gr 9- 1 = Adu 9 g °a g (x), u 9 g a g (u 9 h )v(g,h)u 9 ; h = 9(v(9- 1 (g),9' 1 (h))) 

for some unitary u g G M. Then there exists a unique extension 9 G Aut(M x a>v G) of 9 
such that 9(\o-i( g )) = n(u 9 )X g . 

(2) // we have u 9 g a = 9(u^ 1{g) )u 9 g for 9, a G Aut(M), then 9°a = lha holds. 

Proof. (1) Denote u 9 by u g for simplicity. Let Uq G B(L 2 (M)) be the standard imple- 
menting unitary of 9. Define a unitary We G B(L 2 (M) <g> £ 2 (G)) by 

(WeO (g) = u^U&e- 1 ^)), 6 L 2 (M) ® £ 2 (G). 

Then Wg is given by 

(W e i)(9-\g)) = U;u g ^(g). 

We show Ad We gives a desired action. At first, we verify AdWe(7i(a)) = n(9(a)) as 
follows. 

(Wen(a)W;0(9) = u*-.U e (n(a)W^) (0-\g)) 

= ul- 1 Uea e -^ ) {a){W;i){9-\g)) 

= u*-iU0ae-i(g-i)(a)UgU g -i^(g) 

= u*-x9a e -i{g-x){a)u g -ii{g) 

= a g -,{9{a))i{g) 

= (n(9(a)K)(g)- 
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Next we show AdWg(Xe-i^) = ir(u g )\ g as follows. 

(Wg\g- Hg) W^) (h) = uUUg{\ 9 W;0{d-\h)) 

= uUU e a e - Hh -i } {vie-'ih- 1 ), e-\g))) (Wft) (^V^)) 

= ul-tUoae-nh-i) Wr^" 1 ), r 1 ^))) UZuh-igtig^h) 

= uUOae-^ {viO-^h-^O-^gtyu^gtig-ih) 

= ul-xU h -ia h -i{u g )v(h~ l ,g)Z(g~ l K) 

= a h -i(u g ) (XgC) (h) 

= (n(Ug)\gO(h). 

This shows that = Ad W# preserves My\ a>v G, and is a desired extension. The uniqueness 
of 9 is obvious. 

(2) By the assumption, WeW a = Wq c holds. □ 
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